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Abstrat. We study the dynamis of a symmetri two-level system strongly
oupled to a broadened harmoni mode. Upon mapping the problem onto a
spin-boson model with peaked spetral density, we show how analyti solutions
an be obtained, at arbitrary detuning and nite temperatures, in the ase of
large Q-fators of the osillator. In general two or more osillation frequenies
of the two-level partile are observed as a onsequene of the entanglement with
the osillator. Our approximated analytial solution well agrees with numerial
preditions obtained within the non-interating blip approximation.
PACS numbers: 03.65.Yz, 03.67.Lx, 85.25.Dq
1. Introdution
A prominent physial model to study dissipative and deoherene eets in
quantum mehanis is the spin-boson model [1, 2, 3℄. Currently, we witness its revival
sine it allows a quantitative desription of solid-state quantum bits (qubits) [4℄. A
more realisti desription requires the inlusion of external ontrol elds as well as of
a detetor. In the spin-boson model, the environment is haraterized by a spetral
density G(ω). If the environment is formed by a quantum detetor whih itself is
damped by Ohmi utuations, the form of the spetral density an beome non-
trivial, as it reets also internal resonanes of the detetor. An example is provided
by a ux-qubit read out by a d-SQUID [5, 6, 7℄ whose plasma resonane at Ω gives
rise to an eetive spetral density Geff(ω) for the qubit with a peak at Ω [8, 9℄,
f. Eq. (2) below. Reently, the oherent oupling of a single photon mode and a
superonduting harge qubit has also been studied [10℄. Until now, the eets of
suh a strutured spetral density on the deoherene properties of a qubit have been
studied in [11, 12℄ within a perturbative approah in Geff . It was shown in [13, 14℄ that
suh a perturbative sheme breaks down for strong qubit-detetor oupling, and when
the qubit and detetor frequenies are omparable. Hene, in [13, 15, 16℄ the dynamis
was investigated by mapping the spin-boson problem onto the equivalent situation of
a two-state system (TSS) oupled to a harmoni osillator (HO), the latter oupled to
an Ohmi bath with spetrum GOhm. By onsidering the TSS and HO as the relevant
system, analyti solutions perturbative in GOhm were obtained.
In this work we show how to investigate the dynamis of a spin-boson system
with a strutured environment, in the ase of a strong oupling between qubit and
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detetor. We evaluate the dynamis upon starting from the (nonperturbative in Geff)
Non-Interating Blip Approximation (NIBA) [1, 2℄. Analytial results, valid also at
nite detuning, are obtained by approximating the NIBA kernels up to rst order
in the detetor-bath oupling strength. The paper is organized as follows: In the
next Setion we will introdue the model. Then, in Se. 3 we disuss the well-known
and widely used Non-Interating Blip Approximation and its preditions. Analytial
results for the dynamis are derived in Se. 4.
2. The model
In this work we onsider the spin-boson Hamiltonian desribing the interation
of a symmetri TSS with a strutured environment. It reads [1, 2℄
HSB(t) = −~∆
2
σx +
1
2
σz~
∑
k
λ˜k(b˜
†
k + b˜k) +
∑
k
~ω˜kb˜
†
k b˜k , (1)
where σi are Pauli matries and ~∆ is the tunnel splitting. Moreover, b˜k is the
annihilation operator of the k−th bath mode with frequeny ω˜k. In the spin-boson
model the inuene of the environment is fully haraterized by a so-alled spetral
funtion, whih we assume to be of the form
Geff(ω) =
∑
k
λ˜2kδ(ω − ω˜k) =
2αωΩ4
(Ω2 − ω2)2 + (Γω)2 . (2)
It has a Lorentzian peak of width Γ at the harateristi frequeny Ω, and
behaves Ohmially at low frequenies with the dimensionless oupling strength α =
limω→0Geff(ω)/2ω. As shown in [17℄, suh spin-boson Hamiltonian an be exatly
mapped onto that of a TSS oupled to a single harmoni osillator mode of frequeny
Ω with oupling strength g. The HO iteslf interats with a set of harmoni osillators
with spetral density of the ontinuous bath modes being GOhm(ω) = κω. The
mapping between the two models is ompleted with Γ = 2piκΩ and α = 8κg2/Ω2.
Notie that the osillator an e.g. represent a d-SQUID with plasma frequeny Ω
whih ouples indutively to a superonduting ux qubit [8, 9℄. The damping of the
d-SQUID is due to its oupling to an eletromagneti environment.
If the damping of the harmoni osillator is small (κ ≪ 1), as in typial
experiments where the d-SQUIDs are typially underdamped, then it would seem
more onvenient to use the mapping, and onsider the qubit oupled to the d-SQUID
as unique quantum system. However, sine suh a system has an innite Hilbert spae,
the inlusion of dissipation is typially done [13, 16℄ upon trunation of the system's
Hilbert spae to a few relevant levels (whih is the ase e.g. if ~Ω , ~∆ ≫ kBT ).
This led in [13℄ to nd analytial results for the resonant ase ∆ = Ω within a three-
level approximation. In the present work analytial results valid at nite detuning
∆ 6= Ω are obtained by fousing on the spin-boson model (1). The advantage of this
approah is that the redued density matrix has rank 2. The peuliar feature of the
peaked spetrum (2) is reeted in the form of the bath orrelation funtions, f. (4)
and (4b) below.
Speially, in the spin-boson model the environmental eets are aptured in
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the so-alled bath orrelation funtion
Q(τ) ≡ Q′(τ) + iQ′′(τ) = 1
pi~
∫ ∞
0
dω
Geff(ω)
ω2
[
coth
(
~ωβ
2
)
(1− cosωt) + i sinωt
]
,
(3)
whih for the eetive spetral density (2) reads
Q′(τ) = Xτ + L
(
e−
Γ
2 τ cos Ω¯τ − 1
)
+ Ze−
Γ
2 τ sin Ω¯τ +Q′Mats(τ), (4a)
Q′′(τ) = piα− e−Γ2 τpiα (N sin Ω¯τ + cos Ω¯τ) , (4b)
being Ω¯ =
√
Ω2 − Γ24 and
X =
2piα
~β
, (5)
L =
piα
ΓΩ¯
1
cosh (βΩ¯)− cos (β Γ2 )
[(
Γ2
4 − Ω¯2
)
sinh (βΩ¯) + ΓΩ¯ sin
(
β Γ2
)]
, (6)
Z =
piα
ΓΩ¯
1
cosh (βΩ¯)− cos (β Γ2 )
[
−ΓΩ¯ sinh (βΩ¯) +
(
Γ2
4 − Ω¯2
)
sin
(
β Γ2
)]
, (7)
N =
1
ΓΩ¯
(
Γ2
4 − Ω¯2
)
. (8)
Q′Mats(τ) is a funtion of Matsubara frequenies and has the form
Q′Mats(τ) = −4piα
Ω4
~β
+∞∑
n=1
1
(Ω2 + ν2n)
2 − Γ2ν2n
[
e−νnτ − 1
νn
]
, (9)
with the Matsubara frequenies dened as νn ≡ 2pi
~β
n. For temperatures high enough
(kBT ≫ ~Γ2pi ), ontributions oming from the Matsubara term an be negleted, as
done in the rest of this work.
The qubit dynamis is desribed by the redued density operator ρ(t) obtained
by traing out all environmental degrees of freedom. We investigate the population
dierene P (t) := 〈σz〉t = tr{ρ(t)σz}. Suh a dynamial quantity P (t) obeys the exat
generalized master equation (GME) [2℄
P˙ (t) = −
∫ t
0
dt′K(t− t′)P (t′), t > 0. (10)
with the kernels K(t) being a series expression in the number of tunneling transitions.
Sine Eq. (10) involves only onvolutions, it an be solved by using Laplae
Transforms. Hene, the GME transforms as
P (λ) =
1
λ+K(λ)
, (11)
where the same symbols P (λ) and K(λ) for the Laplae transform of P (t) and K(τ)
have been used, respetively. From Eq. (11), it follows that in order to obtain P (t) it
an be enough to solve the pole equation
λ+K(λ) = 0 (12)
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and then antitrasform bak to the time spae.
Due to the intriate form of the exat kernel K(t) (or K(λ)), Eqs. (10) (or
(11)) annot be solved neither numerially nor analytially. We must therefore invoke
some approximations. For the symmetri spin-boson model (1), the so-alled Non-
Interating Blip Approximation (NIBA) disussed in the next Setion is known to
yield reliable results over the whole regime of parameters.
3. Non-Interating Blip Approximation (NIBA)
Within the NIBA [1, 2℄, of the exat series expression for K(λ) only the rst
term of seond order in the tunneling frequeny ∆ is retained. This approximation
has been ommonly used over the whole range of temperatures and oupling strength
to desribe the dynamis of an unbiased TSS. In the undriven ase, the model is
justied for weak damping sine the negleted orrelations are of seond order in the
oupling α, whereas for high temperature and/or large damping extra orrelations are
exponentially suppressed. The kernel has the very simple form
K(t) = ∆2e−Q
′(t) cos (Q′′ (t)), (13)
or in the Laplae spae
K(λ) = ∆2
∫ ∞
0
dτ e−λτe−Q
′(τ) cos (Q′′ (τ)), (14)
where the bath orrelation funtions Q′(τ) and Q′′(τ) have been introdued in Eq. (4).
Typial results for P (t) obtained from the numerial integration of the NIBA master
equation for the resonant ase Ω = ∆ and at nite detuning Ω = 1.5∆ are shown
in Figs. 1 and 2, respetively. In the resonant ase P (t) exhibits a very pronouned
beating pattern. The analysis of the orresponding spetrum
S(ω) ≡ 2
∫ ∞
0
dt cos (ωt)P (t) (15)
for the parameters hoie of Fig. 1 (resonant ase) learly reveals the presene of
two frequenies, whih lie around Ω± ≈ Ω ± g, where g is the oupling strength in
the TSS+HO model, as disussed above. This is in agreement with preditions of
a three-level system Bloh-Redeld analysis (with seond-order perturbation theory
in g) as well as with exat results obtained within the numerial real-time path-
integral approah QUAPI [13℄. The Fourier spetrum for the detuned ase in Fig. 2
shows a more pronouned osillation frequeny, the relative magnitude of the two
peaks beoming larger and larger, the higher the detuning is. As one raises the
oupling strength α between TSS and eetive environment, multiple resonanes
appear, due to the fat that higher orders in Bessel funtions ontribute to the
dynamis (see disussion below in the next Setion). This beating pattern learly
originates from the peaked nature of the environmental spetrum and it is thus absent
for the more frequently investigated ases of unstrutured environments [1, 2℄, i.e.
G(ω) ∝ ωse−ω/ωc , s > 0. Starting point is Eq. (11) and its related pole equation
(12). The nature of the beatings as well as an analytial approximation to P (t) are
disussed in the following Setion.
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Figure 1. Time evolution of the population dierene P (t) of a symmetri TSS
in the resonant ase Ω = ∆. The parameters are: Γ = 0.097, α = 410−3,
(g = 0.18), T = 0.1 (all quantities are expressed in units of ∆). In this range of
parameters, one learly sees that the dynamis is dominated by two frequenies.
Inset: Fourier Transform of P (t). One learly sees the appearane of two peaks,
entered symmetrially around Ω± g ≈ 1± 0.18.
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Figure 2. Time evolution of the population dierene P (t) of a symmetri TSS
in the ase of a nite detuning Ω = 1.5∆. The parameters are: Γ = 0.145,
α = 510−3, (g = 0.3), T = 0.1 (all quantities are expressed in units of ∆). For
a TSS being o-resonane with the HO, one noties that the relative magnitude
of the two peaks beome larger and larger, the higher the detuning is (see the
Fourier Transform in the inset).
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4. Weak-Damping Approximation (WDA) for a symmetri TSS
For a symmetri TSS, NIBA is expeted to be justied in the whole regime of
parameters. In partiular we have seen, fr. Fig. 1, that in the regime of resonane
and strong oupling, i.e. g ≫ Γ, it predits the two osillation frequenies already
found in Ref. [13℄ within a three-level approximation. However, the analysis in Ref.
[13℄ was restrited to the ase ∆ = Ω ≫ kBT . In the following, we shall derive an
analytial expression for P (t) valid for arbitrary detuning |∆ − Ω| 6= 0 and low-to-
moderate temperatures kBT . ~Ω. The key idea is that, sine we are looking to a
sharply peaked spetral density, i.e. κ = Γ/2piΩ ≪ 1, an expansion of the NIBA
symmetri kernel (14) up to rst order in κ is justied.
Sine the bath-orrelation funtions Q′ and Q′′ (Eq. (4b)) depend in a nontrivial
way on κ, this requires some attention. In the end we obtain
Q′(τ) =
Q′0(τ)︷ ︸︸ ︷
Y (cosΩτ − 1)+
Q′1(τ)︷ ︸︸ ︷
Aτ cosΩτ +Bτ + C sinΩτ +O[κ2] , (16a)
Q′′(τ) = W sinΩτ︸ ︷︷ ︸
Q′′0 (τ)
+V
(
1− cosΩτ − Ω
2
τ sinΩτ
)
︸ ︷︷ ︸
Q′′1 (τ)
+O[κ2], (16b)
with the zero-order terms
Y = −4g
2
Ω2
sinhβΩ
coshβΩ− 1 , W =
4g2
Ω2
, (17)
and rst-order terms
A = −ΓY
2
, (18)
B = Γ
8g2
Ω3~β
, (19)
C = −Γ2g
2
Ω3
βΩ + 2 sinhβΩ
coshβΩ− 1 , (20)
V = Γ
4g2
Ω3
. (21)
Notie that the ontribution oming from the Matsubara frequenies (9) has been
negleted, aeting only the short-time dynamis. We will here disuss rst the simpler
undamped ase (κ = 0) and later perform the weak-damping approximation on the
NIBA kernels.
4.1. Undamped ase (κ = 0)
In this Subsetion we disuss the ase of a TSS oupled with an undamped HO
initially prepared in a thermal equilibrium state. The pole equation reads now
λp +K0(λp) = 0 , (22)
with
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K0(λ) = ∆
2
∫ ∞
0
dτe−λτ e−Q
′
0(τ) cos (Q′′0(τ)), (23)
(24)
where we denoted with λp the solution of the undamped pole equation. Notie that
K0(λ) has the same expression as in Eq. (14), if one replaes Q
′
and Q′′ with Q′0 and
Q′′0 , respetively. In order to evaluate Eq. (23) analytially, we replae cos (Q
′′
0 (τ))
with Re{exp (iQ′′0 (τ))} and we perform the Jaobi-Anger expansion [18℄
eiz cos y ≡ J0(z) + 2
+∞∑
n=1
inJn(z) cos (ny) , (25)
where Jn(z) are Bessel funtions of a omplex argument. These expansions are valid
only in the ase in whih z is independent of y, whih is the ase for a TSS oupled
to an undamped HO. We also make use of Graf's Addition Theorem
∞∑
k=−∞
Jn+k(u)Jk(v)
cos
sin (kα) = Jn(w)
cos
sin (nχ), (26)
where
w =
√
u2 + v2 − 2 u v cosα (27)
and {
u− v cosα = w cosχ, (28a)
v sinα = w sinχ. (28b)
We nally obtain
K0(λ) = ∆
2eY
∫ ∞
0
dτe−λτRe
[
J0(u0) + 2
+∞∑
n=1
inJn(u0) cos [n(Ωt− x)]
]
(29)
where (see Appendix A)
u0 =
iY
cosx
= i
√
Y 2 −W 2 = i4g
2
Ω2
1
sinh
(
βΩ
2
) , (30a)
x = pi + i
βΩ
2
(
tanx = −iW
Y
)
. (30b)
After expanding the osine whih appears in the Eq. (29) and after notiing that
J0(u0) and i
nJn(u0) are always real, the espression for the symmetri kernel in the
undamped ase nally reads
K0(λ) = ∆
2eY
∫ ∞
0
dτe−λτ
[
J0(u0) + 2
+∞∑
n=1
(−i)nJn(u0) cos (nΩτ) cosh
(
n
βΩ
2
)]
.
(31)
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It is useful to introdue here some amplitudes, in order to enhane the readability
of the kernel. We therefore dene
∆n(c) ≡ ∆eY/2
√
(2 − δn,0) (−i)nJn(u0) cosh
(
n
βΩ
2
)
, (32a)
suh that we an rewrite Eq. (31) in the very ompat form
K0(λ) =
+∞∑
n=0
∆2n(c)
∫ ∞
0
dτe−λτ cos (nΩτ). (33)
The population dierene P0(λ) in the undamped ase beomes
P0(λ) =
1
λ+K0(λ)
(34)
=
1
λ
[
1 +
∑+∞
n=0∆
2
n(c)
1
λ2 + n2Ω2
]
(35)
=
λ2
∏∞
n=1(λ
2 + n2Ω2)
λ
[∏∞
n=0(λ
2 + n2Ω2) +
∑+∞
m=0∆
2
m(c)
∏+∞
n=0
n6=m
(λ2 + n2Ω2)
] , (36)
and it is lear that the pole in λ = 0 is not a physial one, sine P0(λ = 0) vanishes.
This means that the dissipation-free (κ = 0) pole equation reads
λp +K0(λp) = 0 →
∞∏
n=0
(λ2p + n
2Ω2) +
+∞∑
m=0
∆2m(c)
+∞∏
n=0
n6=m
(λ2p + n
2Ω2) = 0. (37)
4.2. The weak-damping population dierene P (t)
The weak-damping kernel KWDA(λ) is obtained from Eq. (14) by retaining only
terms up to rst order in the linearized in κ bath orrelation funtions Q′1 and Q
′′
1 . It
reads
KWDA(λ) = ∆
2
∫ ∞
0
dτe−λτ e−Q
′
0(τ) {cos (Q′′0 (τ)) [1−Q′1(τ)] − sin (Q′′0(τ))Q′′1(τ)}.
(38)
The WDA kernel will be used in Eq. (12) to solve the pole equation and nally obtain
PWDA(t). Consistent with the previous presription κ ≪ 1, we an expand the
solutions λ∗ of the pole equation around the solutions λp of the non-interating pole
equation up to rst order in κ In other terms
λ∗ = λp − κγp + iκϕ, (39)
where λp satises the undamped pole equation (37). By inserting Eq. (16) and (39)
in Eq. (38), one nds the following expressions for the kernels (to rst order in κ) at
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the poles:
KWDA(λ
∗) = ∆2
∫ ∞
0
dτe−λpτ e−Q
′
0(τ)
× {cos (Q′′0(τ)) [1 + κγpτ − iκϕτ −Q′1(τ)] − sin (Q′′0(τ))Q′′1(τ)} + O[κ2].
(40)
Aording to Eq. (40), the pole equation (12) now reads
−κγp + iκϕ+∆2
∫ ∞
0
dτe−λpτ e−Q
′
0(τ)
× {cos (Q′′0(τ)) [κγpτ − iκϕτ −Q′1(τ)] − sin (Q′′0(τ))Q′′1(τ)} = 0 ,
(41)
where we used the pole equation for the undamped ase (22). After isolating the real
and the imaginary terms from the above equation ‡, we nd
−κγp
[
1−∆2
∫ ∞
0
dτe−λpτ e−Q
′
0(τ) cos (Q′′0(τ)) τ
]
= ∆2
∫ ∞
0
dτe−λpτ e−Q
′
0(τ) [cos (Q′′0(τ)) Q
′
1(τ) + sin (Q
′′
0(τ))Q
′′
1 (τ)] ,
(42a)
iκϕ
[
1−∆2
∫ ∞
0
dτe−λpτ e−Q
′
0(τ) cos (Q′′0(τ)) τ
]
= 0. (42b)
If the term between brakets is dierent from zero, one easily gets ϕ = 0 and, after
some rearrangements,
γp = −∆
κ
2
∫∞
0 dτe
−λpτ e−Q
′
0(τ) [cos (Q′′0(τ)) Q
′
1(τ) + sin (Q
′′
0(τ))Q
′′
1 (τ)][
1 +
∂
∂λ
K0(λ)
]∣∣
λ=λp
. (43)
One we have obtained the expression for the deay rates γp orresponding to
eah pole λp, we have all ingredients to get the population dierene P (t) with the
help of the Residue Theorem. In fat, it holds
P (t) ≡
∑
Res
eλtP (λ) (44)
=
∑
λp
eλpte−κγp(λp)t lim
λ=λ0−κγ→λp−κγp
[λ− (λp − κγp)] 1
λ+KWDA(λ)
,
(45)
as follows from Eq. (40). Notie that here we split the damping-dependent and the
damping-indipendent ontributions as λ = λ0 − κγ. The limit lim
λ=λ0−κγ→λp−κγp
an
also be rewritten as lim
λ0→λp
lim
γ→γp(λ0)
. Hene, performing rst the limit over the deay
rate γ, we nd
P (t) =
∑
λp
eλpte−κγpt lim
λ0→λp
(λ0 − λp)
[
λ0 +∆
2
∫ ∞
0
dτe−λ0τ e−Q
′
0(τ) cos (Q′′0(τ))
−κ
(
1−∆2
∫ ∞
0
dτe−λ0τ e−Q
′
0(τ) cos (Q′′0 (τ))τ
)
(γp(λ0)− γp(λp))
]−1 (46)
‡ Note that the Laplae Transform of an odd funtion of τ is even in λ and vie versa. In this ase,
the integrand is odd in τ , thus the orresponding Laplae Transform is even in λ: For pure-imaginary
values of λ, the result of the integral is real.
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and performing the limit over λ0, P (t) nally reads
P (t) =
∑
λp
eλpte−κγpt lim
λ0→λp
(λ0 − λp)P0(λ0) , (47)
as it follows from Eq. (34). We stress that the dynamis in the (weakly) damped
ase is essentially determined by the orreponding undamped dynamis, the damping
being only responsible for pole-dependent exponentially deaying fators.
4.3. Series expression for the weakly-damped symmetri kernel and deay rate
Now we want to nd a ompat analytial form for the kernel KWDA(λ) and the
deay rate γp (38) and (43), respetively. To this extent, let us start from the kernel
KWDA(λ), the generalization to the deay rate being straightforward.
As in the undamped ase, in Eq. (38) we replae cos (Q′′0 (τ)) with
Re{exp (iQ′′0 (τ))} and sin (Q′′0 (τ)) with Im{exp (iQ′′0 (τ))}. Analogously to the
proedure followed for the undamped kernel (33), by using the Jaobi-Anger expansion
(25) we obtain
KWDA(λ) =
+∞∑
n=0
∫ ∞
0
dτe−λτ
{
∆2n(c) cos (nΩτ) [1−Q′1(τ)] + ∆2n(s) sin (nΩτ)Q′′1 (τ)
}
,
(48)
where u0 and x are given by Eq. (30a) and Eq. (30b). The dressed tunneling elements
∆n(c) have been already dened in Eq. (32a) and
∆n(s) ≡ ∆eY/2
√
(2 − δn,0) (−i)nJn(u0) sinh
(
n
βΩ
2
)
. (49)
The expression for P (λ) follows from (48) (see the disussion in the Setion 4.5 below).
Along similar lines, the deay rate γp, f. Eq. (43), may also be written as
γp =
1
κ
∑+∞
n=0
∫∞
0
dτe−λpτ
[
∆2n(c) cos (nΩτ)Q
′
1(τ) + ∆
2
n(s)
sin (nΩτ)Q′′1(τ)
]
∑+∞
n=0∆
2
n(c)
2λ2p
(λ2p + n
2Ω2)2
. (50)
4.4. The ase n = 0, n = 1
In order to obtain a more useful analytial expression for P (t), we notie that
the lowest orders in n give the largest ontribution to the sum in Eq. (48), beause
the amplitudes ∆2n depend on Bessel funtions Jn(x), whih roughly behave as x
n
as
soon as the argument beomes small. Sine we investigate a regime of temperatures
generally smaller than Ω, i.e. β~Ω/2 & 1, and of oupling suh that in general g . Ω,
then the quantity u0 is smaller than one. Hene, we just restrit our analysis to the
orders n = 0, n = 1 in Eqs. (48) and (50). The undamped pole equation Eq. (37)
therefore beomes (we identify here ∆0 with ∆0(c) for the sake of larity)
(λ2p +Ω
2)(λ2p +∆
2
0) + λ
2
p∆
2
1(c)
= 0 , (51)
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yielding
λ2p = −
∆20 +∆
2
1(c)
+Ω2
2
±
√√√√(∆20 − Ω2
2
)2
+
∆21(c)
2
(
∆20 +
∆21(c)
2
+ Ω2
)
≡ λ2± . (52)
We notie that only terms quadrati in λp appear in the formal expression of the deay
rate (f. Eq. (B.1)). Hene, it is enough to express the poles as in Eq. (52).
Given the poles in the undamped ase, we an substitute eah of them in the Eq.
(50) for γp with sum restrited to n = 0, n = 1. We will refer to them as γ± = γ(λ±),
the expliit form of the deay rate being given in Appendix B.
4.5. Analytial expression for P (t)
In order to obtain the analytial expression for P (t) in the symmetri ase, let us
start again from Eq. (47). By summing up all residues ontributions, we end up with
P (t) = e−κγ−t
λ2− +Ω
2
λ2− + λ
2
+
cosΩ−t+ e−κγ+t
λ2+ +Ω
2
λ2+ + λ
2
−
cosΩ+t
− e−κγ−t κγ−
Ω−
λ2− +Ω
2
λ2− − λ2+
sinΩ−t− e−κγ+t κγ+
Ω+
λ2+ +Ω
2
λ2+ − λ2−
sinΩ+t,
(53)
where Ω± ≡ −iλ±, as follows from Eq. (52).
Notie that the expression for P (t) is invariant upon exhanging the frequenies
Ω− → Ω+.
The analytial formula Eq. (53) for P (t) is ompared in Fig. 3 with the exat
numerial NIBA and the onventional weak-oupling approximation (WCA), obtained
by a linear expansion of the bath orrelation funtion for the oupling strength α [2℄.
There, the analytial form for the probability dierene reads in the symmetri ase
P (t) =
{
cos∆t+
γϕ
∆
sin∆t
}
e−γϕt,
(54)
where γφ =
pi
4S(∆) is the dephasing rate. Moreover, S(ω) ≡ Geff(ω) coth
(
~ω
2kBT
)
is
a spetral ontribution whih represents emission and absorption of a single photon.
The hoie of parameters in Figs. 3 and 4 is the same as in Fig. 1 and as Ref. [13℄,
under the resonane ondition Ω = ∆. One an notie a very good agreement between
NIBA and the analytial WDA, whereas Eq. (54) ompletely fails in desribing the
osillatory behaviour of P (t). In Fig. 4 the orresponding Fourier Transform of the
probability dierene is showed. There, one an see the missing osillation frequeny
of the onventional WCA given by Eq. (54) and the exellent agreement between the
numerial NIBA and our analytial solution WDA.
Finally, in Fig. 5 we show a omparison among the WDA and the NIBA in
presene of nite detuning |∆−Ω| = 0.5 for a higher oupling strength between qubit
and HO (g = 0.3), keeping the oupling between detetor and environment onstant.
Also in this ase, the weak-damping approximation fully agrees with the numerial
solution of the NIBA. In the inset one an also notie the disagreement of both models
with the onventional WCA, haraterized by a single osillation frequeny at ω = ∆,
see in partiular Fig. 6 whih shows the Fourier Transform of P (t).
Dynamis of a qubit oupled to a broadened harmoni mode at nite detuning 12
0 50 100 150 200
t [∆]
-1
-0,5
0
0,5
1
P(
t)
WDA
NIBA
conventional WCA
0 5 10 15 20
-1
-0,5
0
0,5
1
Figure 3. Time evolution of P (t) within the NIBA as well as the analytial
WDA. The parameters are as in Fig. 1, namely Ω = ∆, Γ = 0.097, α = 410−3,
(g = 0.18), T = 0.1 (in units of ∆). Notie the perfet agreement between the
numerial NIBA and the analytial WDA. A perturbative approah in Geff (ω),
denoted here as onventional WCA (see (54)), ompletely fails beause it does
not even aount for the two main osillation frequenies. In the inset the short-
time dynamis is magnied.
0 0,5 1 1,5 2
ω [∆]
0
5
10
15
20
25
30
S(
ω
)
WDA
NIBA
conventional WCA
Figure 4. Spetral funtion of P (t), orresponding to the same regime as in
the previuos ase. One learly sees that the Fourier Transforms of NIBA and
WDA exhibit a double peak struture. In ontrast, the WCA predits a single
broadened osillation peak.
5. Conlusions
In onlusion, we disussed the dynamis of a symmetri TSS interating with
an eetive strutured environment, modelling a qubit interating with a readout
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Figure 5. Time evolution of P (t) at nite detuning within the NIBA and the
analytial WDA. The parameters are as in Fig. 2, namely Ω = 1.5∆, Γ = 0.145,
α = 510−3, (g = 0.3), T = 0.1 (in units of ∆). Again, the agreement between the
numerial NIBA and the analytial WDA is striking. The onventional WCA (54)
(see inset) also in this ase, as expeted, fails in desribing the orret dynamis.
0 1 2
ω [∆]
0
25
50
75
S(
ω
)
WDA
NIBA
0 1 2
0
50
100 WDANIBA
conv. WCA
Figure 6. Spetral funtion of P (t) for the NIBA and the analytial WDA (same
parameters as in the previous Fig. 5). The osillation frequenies of WDA and
NIBA oinide, whereas in the inset one an at rst glane see the appearane of
a single peak onerning the Fourier Transform of the onventional WCA.
dissipative detetor. This ase has not been so far deeply investigated within an
analytial approah out of resonane, i.e. if the tunneling frequeny ∆ diers from
the detetion frequeny Ω. We approximated an exat generalized master equation
(GME) within a novel weak-damping approximation (WDA) whih, in ontrast
to onventional weak-oupling approahes [2℄, is able to orretly reprodue the
dynamis, haraterized by multiple osillation frequenies. The WDA approah is
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based on a rst approximation of the kernel of the GME up to seond order in the
tunneling frequeny, i.e. the Non-Interating Blip Approximation (NIBA), whih for
a symmetri spin-boson model is valid over the whole range of parameters. Then,
in order to obtain an analytial form for the dynamial population dierene P (t),
for small enough temperatures (i.e. kBT . ~Ω) and small oupling strength between
detetor and environment, we approximated the NIBA kernels within a weak-damping
approah, whose details are explained in Se. 4. The agreement of our analytial
solution for P (t) valid at arbitrary detuning |∆ − Ω| 6= 0 with the numerial NIBA
is striking. The former one is able to reprodue the two osillation frequenies whih
are related to the tunneling and the detetion frequeny, respetively, as predited
by ab-initio numerial shemes like QUAPI [13℄. Our results are of interest for the
understanding of dephasing in qubits strongly oupled to a broadened harmoni mode
as e.g. ux qubits [6, 7℄ or avity QED qubits [10℄.
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Appendix A. Calulation of the parameter x
Here we are interested in nding out the orret value for x whih omes in the
formulas after we make the expansion in Bessel funtions. We refer here to the Eq.
(38), whih we rewrite for larity.
K(λ) = ∆2
∫ ∞
0
dτe−λτ e−Q
′
0(τ) {cos (Q′′0(τ)) [1−Q′1(τ)] − sin (Q′′0(τ))Q′′1(τ)} . (A.1)
Let us examine, to x the ideas, the term exp{−Q′0(τ)} cos (Q′′0(τ)):
e−Q
′
0(τ) cos (Q′′0(τ)) ≡ eYRe
{
e−Y cosΩτe+iW sinΩτ
}
(A.2)
= eYRe
{
ei[iY cos Ωτ+W sinΩτ ]
}
(A.3)
= eYRe

e
i
√
W 2−Y 2
2
4 iY√
W 2 − Y 2 cos Ωτ+
W√
W 2 − Y 2 sinΩτ
3
5

 .
(A.4)
It ould be now onvenient to interprete

cosx ≡ iY√
W 2 − Y 2 = +
Y√
Y 2 −W 2 (A.5a)
sinx ≡ −W√
W 2 − Y 2 = +
iW√
Y 2 −W 2 , (A.5b)
so that the exponent an be rewritten as
e−Q
′
0(τ) cos (Q′′0(τ)) = e
Y
Re
{
ei
√
W 2−Y 2 cos (Ωτ+x)
}
. (A.6)
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At this point we an use the Jaobi-Anger expansion (25) to expand the exponent
in series of Bessel funtions. We nally obtain
K(λ) = ∆2eY
∫ ∞
0
dτe−λτ
{[
J0(u0) + 2
+∞∑
n=1
(−i)nJn(u0) cos (nΩτ) cosh
(
n
βΩ
2
)]
× [1−Q′1(τ)] + 2
+∞∑
n=1
(−i)nJn(u0) sin (nΩτ) sinh
(
n
βΩ
2
)
Q′′1(τ)
}
,
(A.7)
whih oinides with Eq. (48), one we introdue the amplitudes. Here, u0 is given by
u0 ≡
√
W 2 − Y 2 = i
√
Y 2 −W 2 = i4g
2
Ω2
1
sinh
(
βΩ
2
) , (A.8)
sine Y ≡ −W coth (βΩ2 ), hene |Y | ≥ |W | (note that W > 0 and hene Y < 0). One
noties that the argument of the Bessel funtions is small, whenever β~Ω/2 & 1 and
g . Ω, i.e. in the regime we are interested in.
We would like now to obtain the exat value of x, whih is easily performed. Let
us start from Eq. (A.5) and let us rewrite the tangent as
tanx =
+iW
Y
= −i tanh (βΩ
2
) = tan (−iβΩ
2
) . (A.9)
We assume x to be omplex, therefore we write it as x = a + ib. In general, it
holds
cos (a+ ib) = cos a cosh b− i sin a sinh b (A.10)
sin (a+ ib) = sin a cosh b+ i cos a sinh b . (A.11)
From (A.10), in order to have cos (a+ ib) = +Y/
√
Y 2 −W 2, namely a real number,
it must be
a = npi . (A.12)
From Eqs. (A.10) and (A.11), we an write the tangent as
tan (a+ ib) =
tan a+ i tanh b
1− i tana tanh b −−−−→a=npi +i tanh b ≡ +i
W
Y
, (A.13)
as we get by alulating the tangent from Eq. (A.5). Hene,
tanh b =
W
Y
. (A.14)
We an eventually write x as
x ≡ a+ ib = npi + i arctanhW
Y
= npi − iβΩ
2
. (A.15)
In order to deide, whether to assume n = 0 or n = 1, one must look at the osine
or sine:
cosx
Eq.(A.10)−−−−−−→
a=npi
(−1)n 1√
1− tanh2 b
= (−1)n 1√
1− W
2
Y 2
= (−1)n |Y |√
Y 2 −W 2 (A.16)
Dynamis of a qubit oupled to a broadened harmoni mode at nite detuning 16
≡ +Y√
Y 2 −W 2 < 0 Z=⇒ n = 1 (A.17)
or, equivalently,
sinx
Eq.(A.11)−−−−−−→
a=npi
i(−1)n tanh b√
1− tanh2 b
= i(−1)n
W
Y√
1− W
2
Y 2
(A.18)
= i(−1)n
W
Y
|Y |
√
Y 2 −W 2 = −i(−1)
n W√
Y 2 −W 2 ≡
+iW√
Y 2 −W 2 Z=⇒ n = 1 .
(A.19)
Appendix B. Expliit form for the deay rate γp
In this Appendix we wish to give the analytial result for the deay rate γp(λp)
as funtion of the solution λp of the undamped pole equation Eq. (51):
γp(λp) =
1
κ
1
2λ2p
[
(λ2p +Ω
2)2 +∆21(c)Ω
2
][λ2p (p+ q∆21(c)+ t∆21(s)+ u∆21(c)∆21(s)+ r∆41(c))
+Ω2
(
s+ w∆21(c) + t∆
2
1(s)
)
+ λ2p
(
∆21(c)g(λp) + ∆
2
1(s)
h(λp)
)]
,
(B.1)
with
p ≡ (2A−B)Ω2∆20 + (B −D)∆40, (B.2)
q ≡ ∆20(
A
2
+ 2B −D) + Ω2(2B − A
2
), (B.3)
t ≡ − V Ω
4
(Ω2 + 3∆20), (B.4)
u ≡ − 3VΩ
4
, (B.5)
r ≡ A
2
+B, (B.6)
s ≡ − Ω2∆20B +∆40(B −D), (B.7)
w ≡ ∆20(
A
2
+B)− Ω2A
2
(B.8)
and
g(λp) ≡
(λ2p +Ω
2)2
λ2p + 4Ω
2
(
CΩ+
A
2
λ2p − 4Ω2
λ2p + 4Ω
2
)
, (B.9)
h(λp) ≡
(λ2p +Ω
2)2
λ2p + 4Ω
2
V Ω
4
3λ2p + 20Ω
2
λ2p + 4Ω
2
. (B.10)
As already seen, the physial poles are λ2 = −λ21,2 ≡ λ2±. Correspondingly, the
deay rates γ± = γ(λ±) follow aording to Eq. (B.1).
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